Abstract. We prove that a locally connected completely regular space has a completely regular one-point connectification if and only if it contains no compact component.
Introduction
A space Y is called an extension of a space X if Y contains X as a dense subspace. An extension Y of X is called a one-point extension if Y \X is a singleton. Compact extensions are called compactifications and connected extensions are called connectifications.
It is well known that every locally compact non-compact space has a one-point compactification, known as the Alexandroff compactification. However, a locally connected disconnected space may have no one-point connectification; trivially, any space with a compact open subspace has no Hausdorff connectification. (The lack of compact open subspaces however, does not guarantee the existence of a connectification; see [2] , [5] , [15] and [18] .) There have been efforts to characterize spaces which have a one-point connectification. The earliest serious work in this direction is perhaps due to B. Knaster [6] , in which, motivated by a question of P. Alexandroff, he characterized separable metrizable spaces which have a separable metrizable one-point connectification.
Theorem 1.1 ([6] ). Let X be a separable metrizable space. Then X has a separable metrizable one-point connectification if and only if it can be embedded in a connected separable metrizable space as a proper open subspace.
More recently, M. Abry, J.J. Dijkstra and J. van Mill [1] gave an alternative characterization of separable metrizable spaces which have a separable metrizable one-point connectification.
Theorem 1.2 ([1]
). Let X be a separable metrizable space in which every component is open. Then X has a separable metrizable one-point connectification if and only if X has no compact component.
In this note, we characterize completely regular spaces which have a completely regular one-point connectification. Our characterization resembles in form to that of M. Abry, J.J. Dijkstra and J. van Mill stated in Theorem 1.2. Indeed, we prove that a locally connected completely regular space has a completely regular one-point connectification if and only if it contains no compact component. Our method may also be used to give a description of all completely regular one-point connectifications of a locally connected completely regular space with no compact component. Furthermore, for a locally connected completely regular space with no compact component, we give conditions on a topological property P which guarantee the space to have a completely regular one-point connectification with P, provided that each component of it has P.
We will use some basic facts from the theory of the Stone-Čech compactification. Recall that the Stone-Čech compactification of a completely regular space X, denoted by βX, is the compactification of X which is characterized among all compactifications of X by the fact that every continuous f : X → [0, 1] is continuously extendable over βX. The Stone-Čech compactification of a completely regular space always exists. We will use the following properties of βX.
• An open-closed subspace of X has open closure in βX.
• Disjoint zero-sets in X have disjoint closures in βX. For more information on the subject we refer the reader to the texts [4] and [14] .
One-point connectification
The following subspace of βX plays a crucial role in our discussion. The following theorem, which is the main result of this note, characterizes locally connected completely regular spaces which have a completely regular one-point connectification.
Theorem 2.2. A locally connected completely regular space has a completely regular one-point connectification if and only if it contains no compact component.
Proof. Let X be a (non-empty) locally connected completely regular space.
Sufficiency. Suppose that X contains no compact component. We show that X has a completely regular one-point connectification. Let C be a component of X. Then cl βX C\X is non-empty, as C is non-compact. Choose an element t C in cl βX C\X. Let
Note that P misses X, as βX\δX does so, since X is contained in δX trivially. Also, P is non-empty, as X is so. We show that P is closed in βX. Let t be in cl βX P . Obviously, t is contained in P if it is contained in βX\δX. Let t be in δX. Then t is contained in cl βX D for some component D of X. We show that t is identical to t D . Suppose otherwise. Then
is an open neighborhood of t in βX. We show that U misses P . Let E be a component of X distinct from D. Then E is necessarily disjoint from D. This implies that E and D have disjoint closures in βX, as they are disjoint zero-sets (indeed, open-closed subspaces) in X. Therefore t E is not in U , as it is contained in cl βX E. It is trivial that U misses βX\δX. Thus U misses P , which is a contradiction. This shows that P is closed in βX. Let T be the space which is obtained from βX by contracting the compact subspace P to a point p and let φ : βX → T denote the corresponding quotient mapping. Consider the subspace Y = X ∪ {p} of T . Then Y is completely regular, as T is so, and contains X densely, as T does so. That is, Y is a completely regular one-point extension of X. We verify that Y is connected. Suppose otherwise. Then there exists a separation U and V of Y . The point p is contained either in U or V , say in U . Let U
′ be an open subspace of T such that
, since p is contained in U ′ , and thus
By compactness, it then follows that (2.1)
where C i for each i = 1, . . . , n is a component of X. Note that
It now follows from (2.1) and (2.2) that
Without any loss of generality we may assume that V intersects C i for any i = 1, . . . , n. But then C i is contained in V for each i = 1, . . . , n, as it is connected and V is open-closed in X. Thus
Note that by (2.2) we have
which combined with (2.3) implies that
for each i = 1, . . . , n. By the choice of t C 's it follows that t Ci is contained in βX\φ −1 (U ′ ) for each i = 1, . . . , n, contradicting the fact that
This proves the connectedness of Y . Necessity. Suppose that X has a completely regular one-point connectification Y . We show that no component of X is compact. Suppose otherwise. Then X contains a compact component C. Remark 2.4. The method used in the proof of Theorem 2.2 can be generalized to give a description of all completely regular one-point connectifications of a locally connected completely regular space X with no compact component. Let P be a compact subspace of βX\X which intersects cl βX C for every component C of X. Let T be the quotient space of βX obtained by contracting P to a point p. Then the subspace Y = X ∪ {p} of T is a completely regular one-point connectification of X. Further, any completely regular one-point connectification of X may be constructed in this way.
In [8] (also [7] and [9] - [12] ) we have studied topological properties P such that any completely regular space which has P locally has a completely regular onepoint extension which has P. Motivated by this, we consider conditions on a topological property P which guarantee a locally connected completely regular space with no compact component to have a completely regular one-point connectification with P, provided that all components of it have P. We need the following definition.
Definition 2.5. Let P be a topological property. Then
(1) P is closed hereditary if any closed subspace of a space having P, has P.
(2) P is finitely additive if any space which is expressible as a finite disjoint union of closed subspaces each having P, has P. (3) P is Mrówka if it satisfies the following: If X is a space in which there exists a point p with an open base B for X at p such that X\B has P for any B in B, then X has P.
Remark 2.6. The condition stated in (3) in Definition 2.5 has been introduced by S. Mrówka in [13] , where it was called condition (W).
Theorem 2.7. Let X be a locally connected completely regular space with no compact component. Let P be a closed hereditary finitely additive Mrówka topological property. If every component of X has P (in particular, if X has P) then X has a completely regular one-point connectification with P.
Proof. Note that if X has P, then each of its components has P, as P is closed hereditary. We may therefore prove the theorem in the case when every component of X has P. Let P , T , φ and Y be as defined in the proof of Theorem 2.2. Since P is Mrówka, to show that Y has P it suffices to show that Y \U has P for any open neighborhood U of p in Y . Let U be an open neighborhood of p in Y and let U
′ be an open subspace of T with U = U ′ ∩ Y . Then, as argued in the proof of Theorem 2.2 we have
where C i is a component of X for each i = 1, . . . , n. Intersecting both sides of (2.4) with X gives X\U ⊆ C 1 ∪ · · · ∪ C n = D. Note that D has P, as it is a finite disjoint union of closed subspaces each with P and P is finitely additive. Thus Y \U = X\U has P, as it is closed in D and P is closed hereditary.
Remark 2.8. There is a long list of topological properties, mostly covering properties (topological properties described in terms of the existence of certain kinds of open subcovers or refinements of a given open cover of a certain type), satisfying the requirements of Theorem 2.7. Specifically, we mention the Lindelöf property, paracompactness, metacompactness, subparacompactness, the para-Lindelöf property, the σ-para-Lindelöf property, weak θ-refinability, θ-refinability (or submetacompactness), weak δθ-refinability, and δθ-refinability (or the submeta-Lindelöf property). (See Example 2.16 in [8] for the proof and see [3] , [16] and [17] for the definitions.)
